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Abstract
We prove that the Einstein equations can be solved in a very gen-
eral form for arbitrary spacetime dimensions and various types of vac-
uum and non–vacuum cases following a geometric method of anholo-
nomic frame deformations for constructing exact solutions in gravity.
The main idea of this method is to introduce on (pseudo) Rieman-
nian manifolds an alternative (to the Levi–Civita connection) metric
compatible linear connection which is also completely defined by the
same metric structure. Such a canonically distinguished connection is
with nontrivial torsion which is induced by some nonholonomy frame
coefficients and generic off–diagonal terms of metrics. It is possible to
define certain classes of adapted frames of reference when the Einstein
equations for such an alternative connection transform into a system
of partial differential equations which can be integrated in very general
forms. Imposing nonholonomic constraints on generalized metrics and
connections and adapted frames (selecting Levi–Civita configurations),
we generate exact solutions in Einstein gravity and extra dimension
generalizations.
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1 Introduction and formulation of Main Result
The issue to construct exact solutions in Einstein gravity and high dimen-
sional gravity theories is not new. It has been posed in different ways and re-
lated to various problems in multidimensional cosmology, black hole physics,
nonlinear gravitational effects etc in Kaluza–Klein gravity and string/brane
generalizations. For instance, in brane gravity, one faces the problem to
generate solutions with wrapped configurations and possible quantum cor-
rections and noncommutative modifications. Former elaborated approaches
are model dependent, usually for metric ansatz depending on 1-2 coordi-
nates, for spherical/cylindrical symmetries and chosen backgrounds with
certain types of asymptotic boundary conditions. In this context, and fur-
ther application in modern physics, it is important to find a way to elaborate
methods of constructed exact solutions in very general form.
The problem of constructing most general classes of solutions in gravity
has been posed in a geometric language following the anholonomic deforma-
tion/ frame method, see reviews of results in Refs. [1, 2, 3, 4].1 In brief,
the method allows us to generate any spacetime metric with prescribed, or
reasonable, physical/ geometric properties (as solutions of Einstein equa-
tions and modifications for different gravity theories) by performing certain
types of nonholonomic transforms/ deformations from another well defined
(pseudo) Riemannian metrics. Such a problem of constructing ”almost gen-
eral” solutions for Einstein spaces was solved recently for four and five di-
mensional spaces [5] but straightforward extensions and more sophisticate
constructions should be provided to achieve such results for spacetimes of
arbitrary dimensions.2
1The geometry of nonholonomic distributions/ deformations and frames should be not
identified with the Cartan’s moving frame method even in the first case ”moving frames”
can be also included. In our approach, we consider arbitrary real/complex, in general, non-
commutative/supersymmetric nonholonomic distributions on certain manifolds and adapt
the geometric constructions with respect to such distributions. Such constructions result
in (nonlinear) deformations of connection and metric structures, which is not the case for
moving frames, when the same geometric objects are re–expressed with respect to mov-
ing/different systems of reference. Selecting some convenient nonholonomic distributions,
we obtain separations of equations and reparametrizations of variables in some physically
important nonlinear systems of partial differential equations which allows us to integrate
such systems in general forms. Then constraining correspondingly some general solutions,
we select necessary subclasses of exact solutions, for instance, in general relativity and
extra dimensions.
2Some conditions of theorems and formulas, for four and five dimensions, presented in
Ref. [5] (that version should be considered as a Letter version of this work, where we em-
phasized certain techniques for generating solutions in general relativity) will be repeated
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In this paper, we show how the Einstein equations can be integrated in
general form for spacetimes of higher dimensions kn = n+ m+ 1m+ ...+
km > 5, when n = 2, or 3, and 0m = m, 1m, 2m, ... = 2; for k = 0, 1, 2, ....
Such constructions provide a generalization of the Main Result (Theorem
1) from Ref. [5] proved for dimensions 0n = n + m = 4, or 5 (see details
on geometric methods of constructing exact solutions in gravity in Refs.
[1, 2, 3, 4]). The approach developed in this work may present a substantial
interest for research in higher dimensional (super) gravity theories (which,
in general, may possess higher order anisotropies [6, 7, 8, 9]) and in higher
order Lagrange–Finsler/ Hamilton–Cartan geometry and related gravity and
mechanical models [10, 11, 12, 13, 14, 15].
Let us consider a (pseudo) Riemannian manifold kV, dim kV = kn,
provided with a metric
g = g kα kβ(u
kγ)du
kα ⊗ du
kβ (1)
of arbitrary signature ǫ kα = (ǫ(1) = ±1, ǫ(2) = ±1, . . . , ǫ(
kn) ± 1).3 The
local coordinates on kV are parametrized ”shell by shell” by increasing
dimensions on 2 at every level (equivalently, shell). We begin with denota-
tions for 0V, dim 0V = 0n, when uα = (xi, ya), for uα = u
0α and ya = y
0a
with k = 0, where xi = (x1, xî) and ya = (v, y) , i. e. y4 = v, y5 = y.
Indices i, j, k, ... = 1, 2, 3; ıˆ, ˆ, kˆ... = 2, 3 and a, b, c, ... = 4, 5 are used for a
conventional (3+ 2)–splitting of dimension and general abstract/coordinate
indices when α, β, . . . run values 1, 2, ..., 5. For four dimensional (in brief,
4–d) constructions, we can write uα̂ = (xî, ya), when the coordinate x1 and
values for indices like α, i, ... = 1 are not considered. In brief, we shall de-
note some partial derivatives ∂α = ∂/∂u
α in the form s• = ∂s/∂x2, s′ =
∂s/∂x3, s∗ = ∂s/∂y4. At the next level, 1V, dim 1V = 1n = n+ m+ 1m,
the coordinates are labeled u
1α = (xi, ya, y
1a), for 1a, 1b, ... = 6, 7. For the
”2–anisotropy”, 2V, dim 2V = 2n = n+ m+ 1m+ 2m, the coordinates
for some our further constructions because they are used for different type generalizations
and simplify proofs for higher dimensions.
3
Notation Remarks: In our works, we follow conventions from [1, 4, 6, 7, 9] when
left up/low indices are used as labels for certain types of geometric spaces/manifolds
and objects. The Einstein summation rule is applied on repeating right left–up indices
if it is not stated a contrary condition. Boldfaced letters are used for spaces (geometric
objects) enabled with (adapted to) some nonholonomic distributions/frames prescribed on
corresponding classes of manifolds. An abstract/coordinate index formalism is necessary
for deriving in explicit form some general/ exact solutions for gravitational field equations
in higher dimensional gravity. Unfortunately, such denotations can not be introduced in
a more simple form if we aim to present certain general results on exact solutions derived
for some ”multi–level” systems of nonlinear partial differential equations.
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are labeled u
2α = (xi, ya, y
1a, y
2a), for 2a, 2b, ... = 8, 9; and (recurrently)
for the ”k–anisotropy”, kV, dim kV = kn, the coordinates are labeled
u
kα = (xi, ya, y
1a, y
2a, ..., y
ka), for ka, kb, ... = 4 + 2k, 5 + 2k.4
We shall write k∇ = {Γ
kα
kβ kγ
} for the Levi–Civita connection, with
coefficients stated with respect to an arbitrary local frame basis e kα =
(e k−1α, e ka) and its dual basis e
kβ = (e
k−1β , e
kb). Using the Riemannian
curvature tensor kR = {R
kα
kβ kγ kδ
} defined by k∇, one constructs the
Ricci tensor, kRic = {R kβ kδ + R
kα
kβ kα kδ
}, and scalar curvature kR +
g
kβ kδR kβ kδ, where g
kβ kδ is inverse to g kα kβ. The Einstein equations
on kV, for an energy–momentum source kTαβ, are written in the form
R kβ kδ −
1
2
g kβ kδ
kR = κT kβ kδ, (2)
where κ = const. For the Einstein spaces defined by a cosmological constant
λ, such gravitational field equations can be represented as R
kα
kβ
= λδ
kα
kβ
,
where δ
kα
kβ
is the Kronecher symbol. The vacuum solutions are obtained for
λ = 0.
The goal of our work is to provide (see further sections) the proof of:
Theorem 1.1 (Main Theorem) The gravitational field equations in the
kn–dimensional Einstein gravity (2) represented by frame transforms as
R
kα
kβ = Υ
kα
kβ, (3)
for any given Υ
kα
kβ
= diag[Υ 1,Υ 2,Υ 2 = Υ 3,Υ4,Υ5 = Υ4,Υ6 =
1Υ2,
Υ7 = Υ6, . . . ,Υ4+2k =
kΥ2,Υ5+2k = Υ4+2k] with
Υ1 1 = Υ1 = Υ2 +Υ4, Υ
2
2 = Υ
3
3 = Υ2(x
k, v), (4)
Υ4 4 = Υ
5
5 = Υ4(x
k̂),Υ6 6 = Υ
7
7 =
1Υ2(u
α, 1v), Υ8 8 =
Υ9 9 =
2Υ2(u
1α, 2v), . . . ,Υ4+2k4+2k = Υ
5+2k
5+2k =
kΥ2(u
k−1α, kv),
for y4 = v, y6 = 1v, y8 = 2v, ..., y4+2k = kv (where k labels the shell’s
4we use the term anisotropy/ anisotropic for some nonholonomically (equivalently, an-
holonomically) constrained variables/ coordinates on a (pseudo) Riemannian manifold
subjected to certain non–integrable conditions; such anisotropies should be not confused
with those when geometric objects depend on some ”directions and velocities”, for in-
stance, in Finsler geometry
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number), can be solved in general form by metrics of type
kg = ǫ1dx
1 ⊗ dx1 + ĝi(x
k̂)dxî ⊗ dxî + ω2(xj , yb)ha(x
k, v)ea⊗ea
+ 1ω2(uα, y
1b)h 1a(u
α, 1v) e
1a⊗ e
1a (5)
+ 2ω2(u
1α, y
2b)h 2a(u
1α, 2v) e
2a⊗ e
2a + ...
+ kω2(u
k−1α, y
kb)h 2a(u
k−1α, kv) e
ka⊗ e
ka,
for e4 = dy4 + wi(x
k, v)dxi, e5 = dy5 + ni(x
k, v)dxi,
e6 = dy6 + wβ(u
α, 1v)duβ , e7 = dy7 + nβ(u
α, 1v)duβ ,
e8 = dy8 + w 1β(u
1α, 2v)du
1β, e9 = dy9 + n 1β(u
1α, 2v)du
1β,
......
e4+2k = dy4+2k + w k−1β(u
k−1α, kv)du
k−1β,
e5+2k = dy5+2k + n k−1β(u
k−1α, kv)du
k−1β,
where coefficients are defined by generating functions f(xi, v), ∂f/∂v 6= 0,
... , kf(u
k−1α, kv), ∂ kf/∂ kv 6= 0 and ω(xj, yb), ..., kω(u
k−1α, y
kb) 6= 0
and integration functions 0f(xi), ..., 0kf(u
k−1α), 0h(xi), ..., 0kh(u
k−1α),
1nj(x
i), ..., n k−1β(u
k−1α), 2nj(x
i), ..., 2k−1βnj(u
k−1α) following recurrent
formulas (when a next ”shell” extends in a compatible form the previous
ones; i.e. containing the previous constructions), being computed as
ĝi = ǫ̂ie
ψ(xk̂), for ǫ2ψ
•• + ǫ3ψ
′′ = Υ4; (6)
h4 = ǫ4
0h(xi) [∂vf(x
i, v)]2|ς(xi, v)|, h5 = ǫ5[f(x
i, v) − 0f(xi)]2;
wi = −∂iς(x
i, v)/∂vς(x
i, v),
nk =
1nk(x
i) + 2nk(x
i)
∫
dv ς(xi, v)
[∂vf(x
i, v)]2/[f(xi, v)− 0f(xi)]3,
for ς = 0ς(xi)−
ǫ4
8
0h(xi)
∫
dv Υ2(x
k, v)
∂vf(x
i, v)[f(xi, v) − 0f(xi)];
5
h6 = ǫ6
0
1h(u
α) [∂ 1v
1f(u α, 1v)]2| 1ς(u α, 1v)|,
h7 = ǫ7[
1f(u α, 1v)− 01f(u
α)]2;
wβ = −∂β
1ς(u α, 1v)/∂ 1v
1ς(u α, 1v),
nβ =
1nβ(u
α) + 2nβ(u
α)
∫
d 1v 1ς(u α, 1v)
[∂ 1v
1f(u α, 1v)]2/[ 1f(u α, 1v)− 01f(u
α)]3,
for 1ς = 01ς(u
α)−
ǫ6
8
0
1h(u
α)
∫
d 1v 1Υ2(u
α, 1v)
[∂ 1v
1f(u α, 1v)][ 1f(u α, 1v)− 01f(u
α)];
h8 = ǫ8
0
2h(u
1α) [∂ 2v
2f(u
1α, 2v)]2| 2ς(u
1α, 2v)|,
h9 = ǫ9[
2f(u
1α, 2v)− 02f(u
1α)]2;
w 1β = −∂ 1β
2ς(u
1α, 2v)/∂ 2v
2ς(u
1α, 2v),
n 1β =
1n 1β(u
1α) + 2n 1β(u
1α)
∫
d 2v 2ς(u
1α, 2v)
[∂ 2v
2f(u
1α, 2v)]2/[ 2f(u
1α, 2v)− 02f(u
1α)]3,
for 2ς = 02ς(u
1α)−
ǫ8
8
0
1h(u
1α)
∫
d 2v 2Υ2(u
1α, 2v)
[∂ 2v
2f(u
1α, 2v)][ 2f(u
1α, 2v)− 02f(u
1α)];
.........
h4+2k = ǫ4+2k
0
kh(u
k−1α) [∂ kv
kf(u
k−1α, kv)]2| kς(u
k−1α, kv)|,
h5+2k = ǫ5+2k[
kf(u
k−1α, kv)− 0kf(u
k−1α)]2;
w k−1β = −∂ k−1β
kς(u
k−1α, kv)/∂ kv
kς(u
k−1α, kv),
n k−1β =
1n k−1β(u
k−1α) + 2n k−1β(u
k−1α)
∫
d kv kς(u
k−1α, kv)
[∂ kv
kf(u
k−1α, kv)]2/[ kf(u
k−1α, kv)− 0kf(u
k−1α)]3,
for kς = 0kς(u
k−1α)−
ǫ4+2k
8
0
kh(u
k−1α)
∫
d kv kΥ2(u
k−1α, kv)
[∂ kv
kf(u
k−1α, kv)][ kf(u
k−1α, kv)− 0kf(u
k−1α)];
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and
ekω = ∂kω + wk∂vω + nk∂ω/∂y
5 = 0, (7)
eα
1ω = ∂α
1ω + wα∂
1ω/∂ 1v + nα∂
1ω/∂y5 = 0,
e 1α
2ω = ∂ 1α
2ω + w 1α∂
2ω/∂ 2v + n 1α∂
2ω/∂y7 = 0,
......
e k−1α
kω = ∂ k−1α
kω + w k−1α∂
kω/∂ kv + n k−1α∂
kω/∂y5+2k = 0,
when the solutions for the Levi–Civita connection are selected by additional
constraints
∂vwi = ei ln |h4|, ekwi = eiwk, ∂vni = 0, ∂ink = ∂kni; (8)
∂ 1vwα = eα ln |h6|, eαwβ = eβwα, ∂ 1vnα = 0, ∂αnβ = ∂βnα;
∂ 2vw 1α = e 1α ln |h8|, e 1αw 1β = e 1βw 1α,
∂ 2vn 1α = 0, ∂ 1αn 1β = ∂ 1βn 1α;
.....
∂ kvw k−1α = e 1α ln |h4+2k|, e k−1αw k−1β = e k−1βw k−1α,
∂ kvn k−1α = 0, ∂ k−1αn k−1β = ∂ k−1βn k−1α.
Following above Theorem,5 we express the solutions of Einstein equa-
tions in high dimensional gravity in a most general form, presenting in
formulas all classes of generating and integration functions and stating all
constraints selecting Einstein spaces. We choose a ”two by two’ increas-
ing of spacetime dimensions in formulas because this provides us a simplest
way for generating ”non–Killing” solutions characterized by certain types
of two dimensional conformal factors depending on two ”anisotropic” co-
ordinates and the rest ones being considered as parameters. This allows
us to associate to the constructed classes of solutions certain hierarchies of
two–dimensional conformal symmetries with corresponding invariants and
to derive associated solitonic hierarchies and bi–Hamiltonian structures as
we elaborated for four dimensional spaces in Refs. [16, 17]. The length of
this article does not give us a possibility to present such nonlinear wave
developments for high dimensional gravity.
We have to state certain boundary/ symmetry/ topology conditions and
define in explicit form the integration functions and systems of first order
5a similar Theorem was formulated in Ref. [5] for four and five dimensions; some
formulas and conditions have to be repeated in this work because they are used for high
dimension generalizations
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partial differential equations of type (8). This is necessary when we are
interested to construct some explicit classes of exact solutions of Einstein
equations (3) which are related to some physically important four and higher
dimensional metrics. For instance, such high dimension solutions can be
constructed to contain wormholes [18, 19] and/or to model (non) holonomic
Ricci flows of various types of gravitational solitonic pp–wave, ellipsoid etc
configurations [20, 21, 22, 23, 24]. Perhaps all classes of exact solutions
presented in the above mentioned references and (for instance, reviewed in)
Refs. [28, 29, 1, 2, 3, 4] can be found as certain particular cases of metrics
(5) or certain equivalently redefined ones. In this article, we shall empha-
size the geometric background of the anholonomic deformation method for
construction high dimensional exact solutions in gravity and refer readers
to cited works, for details and physical applications.
Any (pseudo) Riemannian metric g kα′ kβ′(u
kγ′) (1) depending in gen-
eral on all 5 + 2k local coordinates on V can be parametrized in a form
g kα kβ(u
kγ) (5) using transforms of coefficients of metric g kα kβ(u
kγ) =
e
kα′
kα
e
kβ′
kβ
g kα′ kβ′(u
kγ′) under vielbein transforms e kα = e
kα′
kα
e kα′ pre-
serving a chosen shell structure.6 If the coefficients of such metrics sat-
isfy the conditions of Main Theorem, they define general solutions of Ein-
stein equations for any type of sources which can be parametrized in a
formally diagonalized (with shell conditions) form (4), with respect to cer-
tain classes of nonholonomic frames of reference. By frame transforms
such parametrizations can be defined for various types of physically impor-
tant energy–momentum tensors, cosmological constants (in general, with
anisotropic polariziations), and for vacuum configurations.
For the case k = 0, the proof of Theorem 1.1 is outlined in Ref. [5] using
the anholonomic deformation method which was originally proposed in Refs.
[25, 26, 27]. There were published a series of reviews and generalizations
of the method, see [1, 2, 3, 4], when the solutions of gravitational field
equations in different types of commutative and noncommutative gravity
and Ricci flow theories contain at least one Killing vector symmetry. Such
higher dimension Einstein metrics with Killing symmetries, are generated if
in the conditions of Theorem 1.1 there are considered ω, 1ω, . . . , kω = 1.
Summarizing the results provided in Sections 2–4 (they may be consid-
6We have to solve certain systems of quadratic algebraic equations and define some
e
kα′
kα
(u
kβ), for given coefficients of any (5) and (1), choosing a convenient system of coor-
dinates u
kα′ = u
kα′(u
kβ); to present the a ”shell structure” is convenient for purposes
to simplify proofs of theorems; in general, under arbitrary frame/coordinate transform,
all ”shells” mix each with others.
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ered also as a review for the ’higher dimension’ version of the anholonomic
deformation method of constructing exact solutions in gravity7), we get a
proof of Main Theorem 1.1.
Finally, we note that even we shall present a number of key results
and some technical details, we shall not repeat explicit computations for
coefficients of tensors and connections presented for the ”Killing case” k = 0
in our previous works [30, 31, 32], see also reviews and generalizations in
[1, 2].
2 Higher Order Nonholonomic Manifolds
In this section, we outline the geometry of higher order nonholonomic
manifolds which, for simplicity, will be modelled as (pseudo) Rieman-
nian manifolds with higher order ”shell” structure of dimensions kn =
n+ m+ 1m+ ...+ km. Certain geometric ideas and constructions originate
from the geometry of higher order Lagrange–Finsler and Hamilton–Cartan
spaces defined on higher order (co) tangent classical and quantum bundles
[10, 11, 12, 13]. Such nonholonomic structures were investigated for models
of (super) strings in higher order anisotropic (super) spaces [6] and for an-
holonomic higher order Clifford/ spinor bundles [7, 8, 9]. In explicit form,
the (super) gravitational gauge field equations and conservations laws were
analyzed in Refs. [33, 34, 35, 36].
2.1 Higher order N–adapted frames and metrics
Our geometric spacetime arena is defined by (pseudo) Riemannian mani-
folds kV enabled with nonholonomic distributions (which can be prescribed
in any convenient for our purposes form like we can fix any system of refer-
ence/ coordinates).
Definition 2.1 A manifold kV, dim kV = kn, is higher order nonholo-
nomic (equivalently, k–anholonomic) if its tangent bundle T kV is enabled
7this work is organized as following: In Section 2, there are outlined some necessary
results from the geometry of nigher order nonholonomic manifolds. Section 3 contains
the system of partial differential equations (PDE) to which the Einstein equations can be
transformed under nonholonomic frame transforms and deformations. In Section 4, we
prove that it is possible to construct very general classes of exact solutions with Killing
symmetries for such PDE in high dimensional gravity. We also show that it is possible to
generate ”non–Killing” solutions in most general forms if we consider nonholonomically
deformed conformal symmetries. We conclude and discuss the results in Section 5.
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with a Whitney sum of type
T kV = h kV⊕ v kV⊕ 1v kV⊕ 2v kV⊕ . . .⊕ kv kV. (9)
For k = 0, we get a usual nonholonomic manifold (or, in this case, N–
anholonomic) enabled with nonlinear connection (N–connection) structure.
We say that a distribution (9) defines a higher order N–connection (equiva-
lently, kN–connection) structure.
Locally, a kN–connection is defined by its coefficients kN = {Nai , N
1a
α ,
N
2a
1α, . . . , N
ka
k−1α
}, with {Nai } ⊂ {N
1a
α } ⊂ {N
2a
1α} ⊂ . . . ⊂ N
ka
k−1α
}, when
0N = Nai (u
α)dxi ⊗
∂
∂ya
, 1N = N
1a
β (u
1α)duβ ⊗
∂
∂y 1a
,
2N = N
2a
1β (u
2α)du
1β ⊗
∂
∂y 2a
, . . . , kN = N
ka
k−1β(u
kα)du
k−1β ⊗
∂
∂y ka
.
It should be noted that for general coordinate transforms on kV, there
is a mixing of coefficients and coordinates. 8 For simplicity, we can work
with adapted coordinates when some sets of coordinates on a shell of lower
order are contained in a subset of coordinates on shells of higher order by
trivial extensions like u
k−sα → u
k−s+1α = (u
k−sα, y
k−s+1a).
Proposition 2.1 There is a class of N–adapted frames and dual (co-) frames
(equivalently, vielbeins) on kV which depend linearly on coefficients of kN–
connection.
Proof. We construct such frames following recurrent formulas for k =
0, 1, ..., when
e kν =
(
e k−1v =
∂
∂u k−1v
−N
ka
k−1v
∂
∂y ka
, e ka = ∂ka =
∂
∂y ka
)
, (10)
e
kµ =
(
e
k−1µ = du
k−1µ, e
ka = dy
ka +N
ka
k−1vdu
k−1v
)
. (11)
 (End proof.)
The vielbeins (10) satisfy the nonholonomy relations
[e kα, e kβ] = e kαe kβ − e kβe kα = w
kγ
kα kβ
e kγ (12)
8We use boldface symbols for spaces (and geometric objects on such spaces) enabled
with a structure of N–coefficients.
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with (antisymmetric) nontrivial anholonomy coefficients
w
kb
k−1α ka
= ∂N
kb
k−1α
/∂u
ka and w
kb
k−1α k−1β
= Ω
kb
k−1α k−1β
, where
Ω
kb
k−1α k−1β = ek−1β
(
N
kb
k−1α
)
− ek−1α
(
N
kb
k−1β
)
(13)
are the coefficients of curvature kΩ of N–connection kN. The partic-
ular holonomic/ integrable case is selected by the integrability conditions
w
kb
k−1α ka
= 0.
Any (pseudo) Riemannian metric g on kV can be written in N–adapted
form, we shall write in brief that g = kg = {g kβ kγ}, for
kg = g k−1β k−1γ(u
k−1α)e
k−1β ⊗ e
k−1γ + h ka kb(u
kα)e
ka ⊗ e
kb(14)
= gij(x
k)ei ⊗ ej + hab(u
α)ea ⊗ eb + h 1a 1b(u
1α)e
1a ⊗ e
1b
+h 2a 2b(u
2α)e
2a ⊗ e
2b + . . .+ h ka kb(u
kα)e
ka ⊗ e
kb,
for some N–adapted coefficients g kβ kγ= [gij , hab, h 1a 1b, . . . , h ka kb] and
N
ka
k−1α
. For constructing exact solutions in high dimensional gravity, it is
convenient to work with such N–adapted formulas for tensors’ and connec-
tions’ coefficients.
For instance, we get from (14) a metric with a parametrization of type
(5) when all kω = 1 if we choose
gij = diag[ǫ1, ĝi(x
k̂)], hab = diag[ha(x
i, v)],
N4k = wk(x
i, v), N5k = nk(x
i, v); (15)
h 1a 1b = diag[h 1a(u
α, 1v)],
N6β = wβ(u
α, 1v), N7β = nβ(u
α, 1v);
h 2a 2b = diag[h 2a(u
1α, 2v)],
N81β = w 1β(u
1α, 2v), N91β = n 1β(u
1α, 2v);
...........
h ka kb = diag[h ka(u
k−1α, kv)],
N4+2kk−1β = w k−1β(u
k−1α, kv), N5+2kk−1β = n k−1β(u
k−1α, kv).
Such a metric has symmetries of k + 1 Killing vectors, e5 = ∂/∂y
5, e7 =
∂/∂y7, ..., e5+2k = ∂/∂y
5+2k, because its coefficients do not depend on y5, y7,
...y5+2k. Introducing nontrivial kω2(u
kα) depending also on y5+2k, as mul-
tiples before h ka, we get N–adapted parametrizations, up to certain frame/
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coordinate transforms, for all metrics on kV. In Section 3, we shall define
the equations which must satisfy the coefficients of N–adapted metrics when
(15) will generate exact solutions of Einstein equations.
2.2 N–adapted deformations of the Levi–Civita connection
By straightforward computations, it is a cumbersome task to prove using
the Levi–Civita connection9 k∇) that the Einstein equations (3) on higher
dimensional spacetimes are solved by metrics of type (5). We are going to
show explicitly that general solutions for k∇ can be constructed passing
three steps: 1) to adapt our constructions to N–adapted frames of type eα
(10) and eµ (11); 2) to use as an auxiliary tool (we emphasize, in Einstein
gravity and its generalizations on high dimensional (pseudo) Riemannian
manifolds) a new type of linear connection kD̂ = { Γˆ
kα
kβ kγ
}, also uniquely
defined by the metric structure; 3) To constrain the integral varieties of
general solutions in such a form that kD̂→ k∇.
Definition 2.2 A distinguished connection kD (in brief, d–connection) on
kV is a linear connection preserving under parallelism a conventional hori-
zontal and k–vertical splitting (in brief, h– and v–splitting) induced by kN–
connection structure (9).
We note that the Levi–Civita connection k∇, for which k∇ kg = 0
and kT
kα + k∇e
kα = 0, is not a d–connection because, in general,
it is not adapted to a N–splitting defined by a Whitney sum (9). So, in
order to elaborate self–consistent geometric/physical models adapted to a
N–connection it is necessary to work with d–connections.
Theorem 2.1 There is a unique canonical d–connection kD̂ satisfying the
condition kD̂ kg =0 and with vanishing ”pure” horizontal and vertical tor-
sion coefficients, i. e. T̂ ijk = 0 and T̂
ka
kb kc
= 0, see (below) formulas
(20).
Proof. Let us define kD̂ as a 1–form
Γ̂
kα
kβ = Γ̂
kα
kβ kγe
kγ (16)
with Γ̂
kγ
kα kβ
= (L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc; L̂
1a
1bα, Ĉ
α
β 1c, Ĉ
1a
1b 1c; . . . ; L̂
ka
kb k−1α
,
Ĉ
k−1α
k−1β kc
, Ĉ
ka
kb kc
), whereL̂
1α
1β 1γ = Γ̂
α
βγ =
(
L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc
)
; L̂
2α
2β 2γ =
9a unique one, which is metric compatible and with zero torsion, and completely defined
by the metric structure
12
Γ̂
1α
1β 1γ ; . . . ; L̂
kα
kβ kγ
= Γ̂
k−1α
k−1β k−1γ
, for
gαβ = [gij(x
k), hab(u
γ)],g 1α 1β = [gαβ(u
γ), h 1a 1b(u
1γ)],
g 2α 2β = [g 1α 1β(u
1γ), h 2a 2b(u
2γ)], . . . ,
g kα kβ = [g k−1α k−1β(u
k−1γ), h ka kb(u
kγ)],
where L̂ijk =
1
2
gir (ekgjr + ejgkr − ergjk) , (17)
L̂abk = eb(N
a
k ) +
1
2
hac
(
ekhbc − hdc ebN
d
k − hdb ecN
d
k
)
,
Ĉijc =
1
2
gikecgjk, Ĉ
a
bc =
1
2
had (echbd + echcd − edhbc) ,
L̂
1a
1bα = e 1b(N
1a
α ) +
1
2
h
1a 1c(eαh 1b 1c − h 1d 1c e 1bN
1d
α
−h 1d 1b e 1cN
1d
α ), Ĉ
α
β 1c =
1
2
gαγe 1cgβγ ,
Ĉ
1a
1b 1c =
1
2
h
1a 1d (e 1ch 1b 1d + e 1ch 1c 1d − e 1dh 1b 1c) ,
L̂
2a
2b 1α = e 2b(N
2a
1α) +
1
2
h
2a 2c(e 1αh 2b 2c − h 2d 2c e 2bN
2d
1α
−h 2d 2b e 2cN
2d
1α), Ĉ
1α
1β 2c =
1
2
g
1α 1γe 2cg 1β 1γ ,
Ĉ
2a
2b 2c =
1
2
h
2a 2d (e 2ch 2b 2d + e 2ch 2c 2d − e 2dh 2b 2c) ,
.......
L̂
ka
kb k−1α = e kb(N
ka
k−1α) +
1
2
h
ka kc(e k−1αh kb kc − h kd kc e kbN
kd
k−1α −
h kd kb e kcN
kd
k−1α), Ĉ
k−1α
k−1β kc =
1
2
g
k−1α k−1γe kcg k−1β k−1γ ,
Ĉ
ka
kb kc =
1
2
h
ka kd (e kch kb kd + e kch kc kd − e kdh kb kc) .
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It follows by straightforward verifications that kD̂ kg = 0, where this N–
adapted metric compatibility condition splits into
D̂jgkl = 0, D̂agkl = 0, D̂jhab = 0, D̂ahbc = 0, (18)
D̂γgαβ = 0, D̂ 1agαβ = 0, D̂γh 1a 1b = 0, D̂ 1ah 1b 1c = 0,
D̂ 1γg 1α 1β = 0, D̂ 2ag 1α 1β = 0, D̂ 1γh 2a 2b = 0, D̂ 2ah 2b 2c = 0,
......
D̂ k−1γg k−1α k−1β = 0, D̂ kag k−1α k−1β = 0,
D̂ k−1γh ka kb = 0, D̂ kah kb kc = 0,
where the covariant derivatives are computed using corresponding coeffi-
cients, step by step, on every shell. The canonical d–connection contains an
induced torsion (completely determined by the coefficients of metric, and
respective N–connection coefficients)
T̂
kα = T̂
kα
kβ kγe
kβ ∧ e
kγ
+
kD̂e
kα = de
kα + Γ̂
kα
kβ ∧ e
kβ, (19)
with coefficients
T̂ ijk = L̂
i
jk − L̂
i
kj, T̂
i
ja = −T̂
i
aj = Ĉ
i
ja, T
a
ji = −Ω
a
ji, (20)
T̂ abi = −T̂
a
ib =
∂Nai
∂yb
− L̂abi, T̂
a
bc = Ĉ
a
bc − Ĉ
a
cb;
T̂αβγ = L̂
α
βγ − L̂
α
γβ , T̂
α
β 1a = −T̂
α
1aβ = Ĉ
α
β 1a, T
1a
βα = −Ω
1a
βα,
T̂
1a
1bα = −T̂
1a
α 1b =
∂N
1a
α
∂y
1b
− L̂
1a
1bα, T̂
1a
1b 1c = Ĉ
1a
1b 1c − Ĉ
1a
1c 1b;
T̂
1α
1β 1γ = L̂
1α
1β 1γ − L̂
1α
1γ 1β, T̂
1α
1β 2a = −T̂
1α
2a 1β = Ĉ
1α
1β 2a,
T
2a
1β 1α = −Ω
2a
1β 1α, T̂
2a
2b 1α = −T̂
2a
1α 2b =
∂N
2a
1α
∂y 2b
− L̂
2a
2b 1α,
T̂
2a
2b 2c = Ĉ
2a
2b 2c − Ĉ
2a
2c 2b;
.....
T̂
k−1α
k−1β k−1γ = L̂
k−1α
k−1β k−1γ − L̂
k−1α
k−1γ k−1β,
T̂
k−1α
k−1β ka = −T̂
k−1α
ka k−1β = Ĉ
k−1α
k−1β ka, T
ka
k−1β k−1α = −Ω
ka
k−1β k−1α,
T̂
ka
kb k−1α = −T̂
ka
k−1α kb =
∂N
ka
k−1α
∂y kb
− L̂
ka
kb k−1α,
T̂
ka
kb kc = Ĉ
ka
kb kc − Ĉ
ka
kc kb.
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Introducing values (17) into (20) we get that T̂ ijk = 0 and Ĉ
ka
kb kc
= 0
which satisfy the conditions of this theorem. In general, other N–adapted
torsion coefficients (for instance, T̂ ija, T̂
a
ji and T̂
a
bi) are not zero. 
The torsion (19) is very different from that, for instance, in Einstein–
Cartan, string, or gauge gravity because we do not consider additional field
equations (algebraic or dynamical ones), see discussions in [2, 3]. In our
case, the nontrivial torsion coefficients are related to anholonomy coefficients
w
kγ
kα kβ
in (12).
We can distinguish the covariant derivative kD̂ determined by formulas
(16) and (17), in N–adapted to (9) form, as D̂ kα =
(
D̂i, D̂a, D̂ 1a, ..., D̂ ka
)
,
where D̂ ka are shell operators.
From Theorem 2.1, we get:
Corollary 2.1 Any geometric construction for the canonical d–connection
kD̂ = {Γ̂
kγ
kα kβ
} can be re–defined equivalently into a similar one with the
Levi–Civita connection k∇ = {Γ
kγ
kα kβ
} following formulas
Γ
kγ
kα kβ
= Γ̂
kγ
kα kβ
+ Z
kγ
kα kβ
, (21)
where the N–adapted coefficients of linear connections, Γ
kγ
kα kβ
, Γ̂
kγ
kα kβ
,
and the distortion tensor Z
kγ
kα kβ
are determined in unique forms by the
coefficients of a metric g kα kβ .
Proof. It is similar to that presented for vector bundles in Refs. [14, 15]
but in our case adapted for (pseudo) Riemannian nonholonomic manifolds,
see details in [1, 3, 4] and, in higher order form, in [6, 7, 9]. Here we present
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the N–adapted components of the distortion tensor Z
kγ
kα kβ
computed as
Zajk = −Ĉ
i
jbgikh
ab −
1
2
Ωajk, Z
i
bk =
1
2
Ωcjkhcbg
ji − Ξihjk Ĉ
j
hb,
Zabk =
+Ξabcd T̂
c
kb, Z
i
kb =
1
2
Ωajkhcbg
ji + Ξihjk Ĉ
j
hb, Z
i
jk = 0, (22)
Zajb = −
−Ξadcb T̂
c
jd, Z
a
bc = 0, Z
i
ab = −
gij
2
[
T̂ cjahcb + T̂
c
jbhca
]
,
Z
1a
βγ = −Ĉ
α
β 1bgαγh
1a 1b −
1
2
Ω
1a
βγ , Z
α
1bγ =
1
2
Ω
1c
βγ h 1c 1bg
βα − Ξατβγ Ĉ
β
τ 1b
,
Z
1a
1bγ =
+Ξ
1a 1b
1c 1d T̂
1c
γ 1b, Z
α
β 1b =
1
2
Ω
1a
βγ h 1c 1bg
βα + Ξατβγ Ĉ
β
τ 1b
,
Zαβγ = 0, Z
1a
β 1b = −
−Ξ
1a 1d
1c 1b T̂
1c
β 1d, Z
1a
1b 1c = 0,
Zα1a 1b = −
gαβ
2
[
T̂
1c
β 1ah 1c 1b + T̂
1c
β 1bh 1c 1a
]
,
Z
2a
1β 1γ = −Ĉ
1α
1β 2bg 1α 1γh
2a 2b −
1
2
Ω
2a
1β 1γ , Z
1α
2b 1γ = L̂
5
4j =
1
2
∂vnj,
1
2
Ω
2c
1β 1γh 2c 2bg
1β 1α − Ξ
1α 1τ
1β 1γ Ĉ
1β
1τ 2b
, Z
2a
2b 1γ =
+Ξ
2a 2b
2c 2d T̂
2c
1γ 2b,
Z
1α
1β 2b =
1
2
Ω
2a
1β 1γh 2c 2bg
1β 1α + Ξ
1α 1τ
1β 1γ Ĉ
1β
1τ 2b
,
Z
1α
1β 1γ = 0, Z
2a
1β 2b = −
−Ξ
2a 2d
2c 2b T̂
2c
1β 2d, Z
2a
2b 2c = 0,
Z
1α
2a 2b = −
g
1α 1β
2
[
T̂
2c
1β 2ah 2c 2b + T̂
2c
1β 2bh 2c 2a
]
,
.....
Z
ka
k−1β k−1γ = −Ĉ
k−1α
k−1β kbg k−1α k−1γh
ka kb −
1
2
Ω
ka
k−1β k−1γ ,
Z
k−1α
kb k−1γ =
1
2
Ω
kc
k−1β k−1γh kc kbg
k−1β k−1α − Ξ
k−1α k−1τ
k−1β k−1γ Ĉ
k−1β
k−1τ kb
,
Z
ka
kb k−1γ =
+Ξ
ka kb
kc kd T̂
kc
k−1γ kb,
Z
k−1α
k−1β kb =
1
2
Ω
ka
k−1β k−1γh kc kbg
k−1β k−1α + Ξ
k−1α k−1τ
k−1β k−1γ Ĉ
k−1β
k−1τ kb
,
Z
k−1α
k−1β k−1γ = 0, Z
ka
k−1β kb = −
−Ξ
ka kd
kc kb T̂
kc
k−1β kd, Z
ka
kb kc = 0,
Z
k−1α
ka kb = −
g
k−1α k−1β
2
[
T̂
kc
k−1β kah kc kb + T̂
kc
k−1β kbh kc ka
]
,
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for Ξihjk =
1
2
(δijδ
h
k − gjkg
ih), ±Ξabcd =
1
2
(δac δ
b
d ± hcdh
ab),
±Ξ
1a 1b
1c 1d =
1
2
(δ
1a
1c δ
1b
1d ± h 1c 1dh
1a 1b), . . . ,
±Ξ
ka kb
kc kd =
1
2
(δ
ka
kc δ
kb
kd ± h kc kdh
ka kb),
where the necessary torsion coefficients are computed as in (20). 
Remark 2.1 Hereafter, we shall omit certain details on shell components
of formulas and computations if that will not result in ambiguities. Such
constructions are similar to those presented in above Theorems and in Refs.
[1, 2, 3, 4, 30, 31, 32, 6, 7, 8, 9, 34, 35, 36]. Some additional necessary
formulas are given in Appendices.
In four dimensions, the Einstein gravity can be equivalently formulated
in the so–called almost Ka¨hler and Lagrange–Finsler variables, as we con-
sidered in Refs. [4, 37, 38, 39]. Similarly, for higher dimensions, we can
use the canonical d–connection kD̂ and its nonholonomic deformations for
equivalent reformulations of extra dimension gravity theories and as tools for
generating constructing exact solutions. In particular, imposing necessary
type constraints, it is possible to generate exact solutions of the Einstein
equations for the Levi–Civita connection k∇.
3 N–adapted Einstein Equations
In this section, we define the Riemannian, Ricci and Einstein tensors
for the canonical d–connection kD̂ and metric kg (14) and derive the
corresponding gravitational field equations. We also formulate the general
conditions when the Einstein tensor for kD̂ is equal to that for k∇.
3.1 Curvature of the canonical d–connection
As for any linear connection, we can introduce:
Definition 3.1 The curvature of D̂ is a 2–form R̂ + D̂Γ̂ = dΓ̂− Γ̂ ∧ Γ̂.
In explicit form, the N–adapted coefficients can be computed using the
1–form (16),
R̂
kα
kβ + D̂Γ̂
kα
kβ = dΓ̂
kα
kβ − Γ̂
kγ
kβ
∧ Γ̂
kα
kγ = R̂
kα
kβ kγ kτe
kγ ∧ e
kτ , (23)
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The N–adapted coefficients of curvature are parametrized in the form:
R̂
kα
kβ kγ kτ = 〈R̂
α
βγτ = {R̂
i
hjk, R̂
a
bjk, R̂
i
jka, R̂
c
bka, R̂
i
jbc, R̂
a
bcd}; (24)
R̂
1α
1β 1γ 1τ = {R̂
α
βγτ , R̂
1a
1bγτ , R̂
α
βγ 1a, R̂
1c
1bγ 1a, R̂
α
β 1b 1c, R̂
1a
1b 1c 1d; };
R̂
2α
2β 2γ 2τ = {R̂
1α
1β 1γ 1τ , R̂
2a
2b 1γ 1τ , R̂
1α
1β 1γ 2a, R̂
2c
2b 1γ 2a,
R̂
1α
1β 2b 2c, R̂
2a
2b 2c 2d};
.....
R̂
kα
kβ kγ kτ = {R̂
k−1α
k−1β k−1γ k−1τ , R̂
ka
kb k−1γ k−1τ , R̂
k−1α
k−1β k−1γ ka,
R̂
kc
kb k−1γ ka, R̂
k−1α
k−1β kb kc, R̂
ka
kb kc kd}〉,
where the values of such coefficients are provided in Appendix A, see The-
orem A.1 and formulas (A.1).
Definition 3.2 The Ricci tensor Ric(D̂) = {R̂αβ} of a canonical d–connec-
tion D̂ is defined by contracting respectively the N–adapted coefficients of
R̂αβγδ (23), when R̂αβ + R̂
τ
αβτ .
We formulate:
Corollary 3.1 The Ricci tensor of D̂ is characterized by N–adapted coeffi-
cients
R̂ kα kβ = {R̂ij , R̂ia, R̂ai, R̂ab; R̂αβ , R̂α 1a, R̂ 1aβ, R̂ 1a 1b; (25)
R̂ 1α 1β, R̂ 1α 2a, R̂ 2a 1β, R̂ 2a 2b; ...;
R̂ k−1α k−1β, R̂ k−1α ka, R̂ ka k−1β , R̂ ka kb},
where R̂ij + R̂
k
ijk, R̂ia + −R̂
k
ika, R̂ai + R̂
b
aib, R̂ab + R̂
c
abc; (26)
R̂αβ + R̂
γ
αβγ , R̂α 1a + −R̂
γ
αγ 1a
, R̂ 1aα + R̂
1b
1aα 1b,
R̂ 1a 1b + R̂
1c
1a 1b 1c;
R̂ 1α 1β + R̂
1γ
1α 1β 1γ
, R̂ 1α 2a + −R̂
1γ
1α 1γ 2a
,
R̂ 2a 1α + R̂
2b
2a 1α 2b, R̂ 2a 2b + R̂
2c
2a 2b 2c;
........
R̂ k−1α k−1β + R̂
k−1γ
k−1α k−1β k−1γ
, R̂ k−1α ka + −R̂
k−1γ
k−1α k−1γ ka
,
R̂ ka k−1α + R̂
kb
ka k−1α kb, R̂ ka kb + R̂
kc
ka kb kc.
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Proof. The formulas (26) follow from contractions of (24). To compute
the N–adapted coefficients of the Ricci tensor Ric(D̂) for metric kg (14) we
have to construct correspondingly the formulas (A.1). 
Definition 3.3 The scalar curvature sR̂ of D̂ is by definition
sR̂ + g
kα kβR̂ kα kβ (27)
= gijR̂ij + h
abR̂ab + h
1a 1bR̂ 1a 1b + ...+ h
ka kbR̂ ka kb.
Using values (26) and (27), we can compute the Einstein tensor Ê kα kβ
of D̂,
Ê kα kβ + R̂ kα kβ −
1
2
g kα kβ
sR̂. (28)
In explicit form, for N–adapted coefficients, we get a proof for
Corollary 3.2 The Einstein tensor Ê kα kβ splits into h- and
kv–components
Ê kα kβ + {Êij = R̂ij −
1
2gij
sR̂, Êia = R̂ia, Êai = R̂ai, Êab = R̂ab −
1
2hab
sR̂; Êα 1a = R̂α 1a, Ê 1aβ = R̂ 1aβ , Ê 1a 1b = R̂ 1a 1b −
1
2h 1a 1b
sR̂;
Ê 1α 2a = R̂ 1α 2a, Ê 2a 1β = R̂ 2a 1β , Ê 2a 2b = R̂ 2a 2b −
1
2h 2a 2b
sR̂;
Ê k−1α ka = R̂ k−1α ka, Ê ka k−1β = R̂ ka k−1β, Ê ka kb = R̂ ka kb
− 12h ka kb
sR̂}.
In different theories of (string/brane/gauge etc) gravity, we can consider
nonholonomically modified gravitational field equations
Ê kα kβ = κT̂ kα kβ, (29)
for a source T̂ kα kβ defined by certain classical or quantum corrections
and/or constraints on dynamics of fields to usual energy–momentum tensors.
Such equations are not equivalent, in general, to the usual Einstein equations
(2) for the Levi–Civita connection k∇ .10
Condition 3.1 A class of metrics kg (14) defining solutions of the grav-
itational field equations the canonical d–connection (29) are also solutions
10As we noted in Refs. [4, 37, 38, 39], an equivalence of both types of filed equations
would be possible, for instance, if we introduce a generalized source T̂ kβ kδ containing
contributions of the distortion tensor (22).
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for the Einstein equations for the Levi–Civita connection (2), if with respect
to certain N–adapted frames (10) and (11) there are satisfied the conditions
Ĉijb = 0,Ω
a
ji = 0, T̂
c
ja = 0; Ĉ
α
β 1b = 0,Ω
1a
βα = 0, T̂
1c
β 1a = 0;
Ĉ
1α
1β 2b = 0,Ω
2a
1β 1α = 0, T̂
2c
1β 2a = 0; ...; (30)
Ĉ
k−1α
k−1β kb = 0,Ω
ka
k−1β k−1α = 0, T̂
kc
k−1β ka = 0;
and κT̂ kα kβ includes the energy–momentum tensor for matter field in
usual gravity and distortions of the Einstein tensor determined by distor-
tions of linear connections.
Proof. We can see that both the torsion (20) and distortion tensor,
see formulas (22), became zero if the conditions (30) are satisfied. In such
a case, the distortion relations (21) transform into Γ
kγ
kα kβ
= Γ̂
kγ
kα kβ
(even, in general, D̂ 6= ∇).11 Even such additional constraints are imposed,
the geometric constructions are with nonholonomic variables because the
anholonomy coefficients are not obligatory zero(for instance, wbia = ∂aN
b
i
etc, see formulas (12)). 
3.2 The system of N–adapted Einstein equations
The goal of this work is to prove that we can solve in a very general form
any system of gravitational filed equations in high dimensional gravity, for
instance, for the canonical d–connection and/or the Levi–Civita connection
if such equations can be written as a variant of equations (29),
R̂
kα
kβ = Υ
kα
kβ, (31)
with a general source parametrize in the form (4), Υ
kα
kβ
= diag[Υ kγ ],
including possible contributions from energy–momentum and/or distortion
tensors.
Let us denote partial derivatives in the form
∂2 = ∂/∂x
2, ..., ∂v = ∂/∂v, ∂kv = ∂/∂
kv, ..., ∂α = ∂/∂u
α, ..., ∂ kα = ∂/∂u
kα.
11This is possible because the laws of transforms for d–connections, for the Levi–Civita
connection and different types of tensors being adapted, or not, to a N–splitting (9) are
very different.
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Theorem 3.1 The gravitational field equations (31) constructed for kD̂ =
{Γ̂
kγ
kα kβ
} with coefficients (17) and computed for a metric kg = {g kβ kγ}
(14) with coefficients (15) are equivalent to this system of partial differential
equations:
R̂22 = R̂
3
3 =
1
2g2g3
[
∂2g2 · ∂2g3
2g2
+
(∂2g3)
2
2g3
− ∂ 22 g3 (32)
+
∂3g2 · ∂3g3
2g3
+
(∂3g2)
2
2g2
− ∂ 23 g2] = −Υ4(x
î),
R̂44 = R̂
5
5 =
∂vh5
2h4h5
∂v
(
ln
∣∣∣∣∣
√
|h4h5|
∂vh5
∣∣∣∣∣
)
= −Υ2(x
i, v), (33)
R̂4i = −wi
β
2h4
−
αi
2h4
= 0, (34)
R̂5i = −
h5
2h4
[
∂ 2v ni + γ∂vni
]
= 0, (35)
R̂66 = R̂
7
7 =
∂ 1vh7
2h6h7
∂ 1v
(
ln
∣∣∣∣∣
√
|h6h7|
∂ 1vh6
∣∣∣∣∣
)
= − 1Υ2(u
α, 1v),
R̂6µ = −wµ
1β
2h6
−
αµ
2h6
= 0, R̂7µ = −
h7
2h6
[
∂ 21vnµ +
1γ∂ 1vnµ
]
= 0,
R̂88 = R̂
9
9 =
∂ 2vh9
2h8h9
∂ 2v
(
ln
∣∣∣∣∣
√
|h8h9|
∂ 2vh8
∣∣∣∣∣
)
= − 2Υ2(u
1α, 2v),
R̂8 1µ = −w 1µ
2β
2h8
−
α 1µ
2h8
= 0,
R̂9 1µ = −
h9
2h8
[
∂ 22vn 1µ +
2γ∂ 2vn 1µ
]
= 0,
.....,
R̂4+2k4+2k = R̂
5+2k
5+2k =
∂ kvh5+2k
2h4+2kh5+2k
∂ kv
(
ln
∣∣∣∣∣
√
|h4+2kh5+2k|
∂ kvh4+2k
∣∣∣∣∣
)
= − kΥ2(u
k−1α, kv),
R̂4+2k k−1µ = −w k−1µ
kβ
2h4+2k
−
α k−1µ
2h4+2k
= 0,
R̂5+2k k−1µ = −
h5+2k
2h4+2k
[
∂ 2kvn k−1µ +
kγ∂ kvn k−1µ
]
= 0,
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where, for ∂vh4 6= 0 and ∂vh5 6= 0; ∂1vh6 6= 0 and ∂1vh7 6= 0; ∂2vh8 6= 0 and
∂2vh9 6= 0; ...; ∂kvh4+2k 6= 0 and ∂kvh5+2k 6= 0;
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φ = ln |
∂vh5√
|h4h5|
|, αi = ∂vh5 · ∂iφ, (36)
β = ∂vh4 · ∂vφ, γ = ∂v
(
ln |h5|
3/2/|h4|
)
;
1φ = ln |
∂ 1vh7√
|h6h7|
|, αµ = ∂ 1vh7 · ∂µ
1φ,
1β = ∂ 1vh6 · ∂ 1v
1φ, 1γ = ∂ 1v
(
ln |h7|
3/2/|h6|
)
;
2φ = ln |
∂ 2vh9√
|h8h9|
|, α 1µ = ∂ 2vh9 · ∂ 1µ
2φ,
2β = ∂ 2vh8 · ∂ 2v
2φ, 2γ = ∂ 2v
(
ln |h9|
3/2/|h8|
)
;
......;
kφ = ln |
∂ kvh5+2k√
|h4+2kh5+2k|
|, α k−1µ = ∂ kvh5+2k · ∂ k−1µ
kφ,
kβ = ∂ kvh4+2k · ∂ kv
kφ, kγ = ∂ kv
(
ln |h5+2k|
3/2/|h4+2k|
)
.
Proof of this theorem is sketched in section B.
Finally, we emphasize that the system of equations constructed in Theo-
rem 3.1 can be integrated in very general forms. For instance, for any given
Υ4 and Υ4, the equation (32) relates an un–known function g2(x
2, x3) to a
prescribed g3(x
2, x3), or inversely. The equation (33) contains only deriva-
tives on y4 = v and allows us to define h4(x
i, v) for a given h5(x
i, v), or
inversely, for h∗4,5 6= 0. Having defined h4 and h5, we can compute the coef-
ficients (36), which allows us to find wi from algebraic equations (34) and
to compute ni by integrating two times on v as follow from equations (35).
Similar properties hold true for equations on higher order shells.
12solutions, for instance, with ∂vh4 = 0 and/or ∂vh5 = 0, should be analyzed as some
special cases (for simplicity, we omit such considerations in this work)
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4 General Solutions for Einstein Equations with
Extra Dimensions
In this section, we show how general solutions of the gravitational field
equations can be constructed in explicit form. There are three key steps:
The first one is to generate exact solutions with Killing symmetries for the
canonical d–connection. At the second one, we shall analyze the constraints
selecting solutions for the Levi–Civita connections. The final (third) step
will be in generalizing the constructions by eliminating Killing symmetries.
4.1 Exact solutions with Killing symmetries
We formulate for the Einstein equations for the canonical d–connection:
Theorem 4.1 The general class of solutions of nonholonomic gravitational
equations (31) with Killing symmetries on e5+2k = ∂/∂y
5+2k is defined by
ansatz of type (5) with kω2 = 1 and coefficients ĝi, h ka, w k−1α, n k−1α
computed for k = 0, 1, 2, ... following formulas (6).
Proof. We sketch the proof giving more details for the shell k = 0
(higher order constructions being similar):
• The general solution of equation (32) can be written in the form
̟ = g[0] exp[a2x˜
2
(
x2, x3
)
+a3x˜
3
(
x2, x3
)
], were g[0], a2 and a3 are some
constants and the functions x˜2,3
(
x2, x3
)
define any coordinate trans-
forms x2,3 → x˜2,3 for which the 2D line element becomes conformally
flat, i. e.
g2(x
2, x3)(dx2)2 + g3(x
2, x3)(dx3)2 → ̟(x2, x3)
[
(dx˜2)2 + ǫ(dx˜3)2
]
,
where ǫ = ±1 for a corresponding signature. It is convenient to write
some partial derivatives, in brief, in the form ∂2g = g
•, ∂3g = g
′
, ∂4g =
g∗. In coordinates x˜2,3, the equation (32) transform into ̟ ( ¨̟ +̟′′)−
˙̟ −̟′ = 2̟2Υ4(x˜
2, x˜3) or
ψ¨ + ψ′′ = 2Υ4(x˜
2, x˜3), (37)
for ψ = ln |̟|. The integrals of (37) depends on the source Υ4. As a
particular case we can consider that Υ4 = 0.
• For kΥ2(u
k−1α, kv) = 0, the equation (33), and its higher shell
analogs, relates two functions h4+2k(u
k−1α, kv) and h5+2k(u
k−1α, kv)
following two possibilities:
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a) to compute√
|h5+2k| = 1h5+2k
(
u
k−1α
)
+ 2h5+2k
(
u
k−1α
)
×∫ √
|h4+2k(u
k−1α, kv)|dv, for ∂ kvh4+2k(u
k−1α, kv) 6= 0;
= 1h5+2k
(
u
k−1α
)
+ 2h5+2k
(
u
k−1α
)
kv, (38)
for ∂ kvh4+2k(u
k−1α, kv) = 0,
for some functions 1h5+2k
(
u
k−1α
)
and 2h5+2k
(
u
k−1α
)
stated by
boundary conditions;
b) or, inversely, to compute h4+2k for respectively given h5+2k, with
∂ kvh5+2k 6= 0,√
|h4+2k| =
0
kh
(
u
k−1α
)
∂ kv
√
|h5+2k
(
u k−1α, kv
)
|, (39)
with 0kh
(
u
k−1α
)
given by boundary conditions. We note that the
(33) with zero source is satisfied by arbitrary pairs of coefficients
h4+2k(u
k−1α, kv) and 0h5+2k
(
u
k−1α
)
. Solutions with kΥ2 6= 0 can
be found by ansatz of type
h5+2k[
kΥ2] = h5+2k, h4[
kΥ2] = ς4+2k
(
u
k−1α, kv
)
h4+2k, (40)
where h4+2k and h5+2k are related by formula (38), or (39). Substi-
tuting (40), we obtain
ς4+2k
(
u
k−1α, kv
)
= 0ς4+2k
(
u
k−1α
)
−
∫
kΥ2
h4+2kh5+2k
4∂ kvh5+2k
d kv, (41)
where 0ς4+2k
(
u
k−1α
)
are arbitrary functions.
• The exact solutions of (34) for β 6= 0 are defined from an algebraic
equation, wiβ+αi = 0, where the coefficients β and αi are computed as
in formulas (36) by using the solutions for (32) and (33). The general
solution is
wk = ∂k ln[
√
|h4h5|/|h
∗
5|]/∂v ln[
√
|h4h5|/|h
∗
5|], (42)
with ∂v = ∂/∂v and h
∗
5 6= 0. If h
∗
5 = 0, or even h
∗
5 6= 0 but β = 0,
the coefficients wk could be arbitrary functions on
(
xi, v
)
. For the
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vacuum Einstein equations this is a degenerated case imposing the the
compatibility conditions β = αi = 0, which are satisfied, for instance,
if the h4 and h5 are related as in the formula (39) but with h[0]
(
xi
)
=
const.
• Having defined h4 and h5 and computed γ from (36), we can solve the
equation (35) by integrating on variable ”v” the equation n∗∗i + γn
∗
i =
0. The exact solution is
nk = nk[1]
(
xi
)
+ nk[2]
(
xi
) ∫
[h4/(
√
|h5|)
3]dv, h∗5 6= 0;
= nk[1]
(
xi
)
+ nk[2]
(
xi
) ∫
h4dv, h
∗
5 = 0; (43)
= nk[1]
(
xi
)
+ nk[2]
(
xi
) ∫
[1/(
√
|h5|)
3]dv, h∗4 = 0,
for some functions nk[1,2]
(
xi
)
stated by boundary conditions.
• The generating and integration formulas in higher order formulas (40),
(41), (42), (43) etc are redefined in a form as it was considered for k = 0
in review articles [4, 1] which result in formulas (6) for kω2 = 1. 
We note that the solutions constructed in Theorem 4.1 are very general
ones and contain as particular cases all known exact solutions for (non) holo-
nomic Einstein spaces with Killing symmetries. They also can be generalized
to include arbitrary finite sets of parameters, see Ref. [1].
Corollary 4.1 An ansatz (5) with kω2 = 1 and coefficients ĝi, h ka, w k−1β,
n k−1β computed following formulas (6) define solutions with Killing symme-
tries on e5+2k = ∂/∂y
5+2k of the Einstein equations (3) for the Levi–Civita
connection Γ
kγ
kα kβ
if the coefficients of metric are subjected additionally to
the conditions (8).
Proof. By straightforward computations for ansatz (14) with coeffi-
cients (15), we get that the conditions (30) resulting in Γ
kγ
kα kβ
= Γ̂
kγ
kα kβ
are just those written as (8). For such ansatz, one holds the conditions
(B.3) and the N–connection and torsion coefficients vanish, i. e. the values
(B.1) and (B.4) became zero. We get nonholonomic configurations for the
Levi–Civita connection with nontrivial anholonomy coefficients (12). 
We conclude that in order to generate exact solutions with Killing sym-
metries in Einstein gravity and its higher order generalizations, we should
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consider N–adapted frames and nonholonomic deformations of the Levi–
Civita connection to an auxiliary metric compatible d–connection (for in-
stance, to the canonical d–connection, kD̂), when the corresponding system
of nonholonomic gravitational field equations (32)–(35) can be integrated in
general form. Subjecting the integral variety of such solutions to additional
constraints of type (30), i.e. imposing the conditions (8) to the coefficients
of metrics, we may construct new classes of exact solutions of Einstein equa-
tions for the Levi–Civita connection k∇.
4.2 General non–Killing solutions
Our final aim is to consider general classes of solutions of the nonholo-
nomic gravitational field equations (31), and (for more particular cases), of
Einstein equations (3) metrics depending on all coordinates u
kα = (xi, y
ka),
i.e. the solutions will be without Killing symmetries.
Let us introduce some nontrivial multiples kω2(u
kα) before coefficients
h ka parametrized in the form (15) and defining solutions with Killing sym-
metries. We get an ansatz
k
ωg = ǫ1e
1 ⊗ e1 + gĵ(x
k̂)eĵ ⊗ eĵ + ω2(xi, ya)ha(x
i, v)ea ⊗ ea
+ 1ω2(u
1α) h 1a 1b(u
α, 1v)e
1a ⊗ e
1b
+ 2ω2(u
2α)h 2a 2b(u
1α, 2v)e
2a ⊗ e
2b + . . .
+ kω2(u
kα) h ka kb(u
k−1α, kv)e
ka ⊗ e
kb, (44)
where the N–adapted basis e
ka (and N–connection) are the same as in (14).
Under such noholonomic conformal transform13 (defined by generating func-
tions 2ω2(u
kα)) of metric, kg→ kωg, the canonical d–connection deforms
as Γ̂
kγ
kα kβ
→ kωΓ̂
kγ
kα kβ
, where kωΓ̂
kγ
kα kβ
= (L̂ijk, ω L̂
a
bk, Ĉ
i
jc, ω Ĉ
a
bc;
1ωL̂
1a
1bα, ω Ĉ
α
β 1c, 1ω Ĉ
1a
1b 1c; . . . ; kωL̂
ka
kb k−1α
, k−1ω Ĉ
k−1α
k−1β kc
, kω Ĉ
ka
kb kc
),
for Ĉijc = ω Ĉ
α
β 1c = ... = k−1ωĈ
k−1α
k−1β kc = 0, kωL̂
ka
b k−1α =
L̂
ka
kb k−1α +
z
kωL̂
ka
kb k−1α, kωĈ
ka
kb kc = Ĉ
ka
kb kc +
z
kωĈ
ka
kb kc,
13we use the term ”nonholonomic” because such transforms/ deformations are adapted
to a N–splitting stated by a prescribed nonholonomic distribution on a corresponding high
dimension spacetime
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with zkωL̂
ka
kb k−1α =
1
2 kω2
h
ka kc [h kb kce k−1β(
kω2)
−h kb kcN
kd
k−1β∂ kd(
kω2)] = δ
ka
kbe k−1β ln |
kω|; (45)
z
kωĈ
ka
kb kc =
(
δ
ka
kb∂ kc+δ
ka
kc∂ kb − h kb keh
ka ke∂ ke
)
ln | kω|, (46)
are computed by introducing coefficients of kωg (44) into (17).
Proposition 4.1 For nonholonomic N–adapted transforms kg (14)→ kωg
(44) with shell coefficients kω satisfying respectively the conditions e k−1β(
kω)
= 0, the Ricci tensor transform R̂ kα kβ (25) → kωR̂ kα kβ, where
kωR̂ kα kβ = {R̂ij , R̂ia, R̂ai, ω R̂ab; ω R̂αβ, R̂α 1a, R̂ 1aβ , 1ω R̂ 1a 1b;
1ωR̂ 1α 1β, R̂ 1α 2a, R̂ 2a 1β, 2ωR̂ 2a 2b; ...; (47)
k−1ωR̂ k−1α k−1β , R̂ k−1α ka, R̂ ka k−1β, kωR̂ ka kb},
with k−1ωR̂ k−1α k−1β computed recurrently using R̂ k−1α k−1β and
kω
R̂ ka kb = R̂ ka kb+
z
kω
R̂ ka kb, where the deformation tensor
z
kω
R̂ ka kb
is given by formula
z
kωR̂ ka kb = (2−
km) D̂ kaD̂ kb ln |
kω| − h ka kbh
kc kd ×
D̂ kcD̂ kd ln |
kω| − (2− km)
(
D̂ ka ln |
kω|
)
D̂ kb ln |
kω| (48)
+(2− km) h ka kbh
kc kd
(
D̂ kc ln |
kω|
)
D̂ kd ln |
kω|.
Proof. It follows from an explicit computation of N–adapted coefficients
of (47) taking into account the deformation relations (45) and (46) when
the condition e k−1β(
kω) = 0, which is just (7) from the Main Theorem 1.1.
Working with shell coordinates y
ka, the formulas for curvature and Ricci
tensors are the same as on usual (pseudo) Riemannian spaces for the Levi–
Civita connection, when coordinates of type xi and y
k−1a can be considered
as some parameters. For ”pure vertical ” components, we can apply usual
formulas for conformal transforms, like (46) and (48) outlined, for instance,
in Appendix D of monograph [40]. 
Remark 4.1 1. There are two reasons to consider two dimensional shells
with km = 2 : The first one is that this results in field equations of
type (33) which can be integrated in general form (it is a problem,
at least technically, to find exact solutions for km > 2). The sec-
ond one is that from (48) we get zkωR̂
ka
kb
= δ
ka
kb
k̂ ln | kω|, with
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k̂ + h
kc kdD̂ kcD̂ kd being a shell type d’Alambert operator defined
by the canonical d–connection.
2. We can impose additionally the conditions
k
̂ ln | kω| = 0, (49)
or to include such terms in sources (4), redefining the nonholonomic
distributions to have
kΥ2(u
k−1α, kv) = kωΥ2(u
kα)− k̂ ln | kω(u
kα)|, (50)
for some well defined kωΥ2(u
kα) when formulas of type (41) can be
computed. The conditions (49) or (50) can be selected also by corre-
sponding integration functions, for instance, in (39), (42) and/or (43)
and/or their higher shell analogs.
3. Solutions with km > 2 can be with different topologies and generalized
nonholonomic conformal symmetries. Locally such constructions may
be performed in a simplest way by considering formulas only with km =
2 by increasing the number of ”formal” shells.
As a result, we get the proof of
Lemma 4.1 Any metric parametrized in the form (44) with coefficients
depending on all variables on a (pseudo) Riemannian manifold kV (dim
kV = 3, or 2,+2k; with k = 0, 1, 2, ... two dimensional shells) defines
a ”non–Killing” solution of the Einstein equations for the canonical d–
connection kD̂ if the coefficients are given by data (31) as solutions with
Killing symmetries of (32)–(35), when the parameters of nonholonomic con-
formal deformations kω(u
kα) are chosen as generating functions satisfying
the conditions e k−1β(
kω) = 0 and, for instance, k̂ ln | kω| = 0. Imposing
additional restrictions on integration functions as in Corollary 4.1, we get
general solutions for the Levi–Civita connection k∇.
Finally, in this section we formulate:
Conclusion 4.1 1. Summarizing the Theorems 2.1 – 4.1 and Lemma
4.1, we prove the Main Result stated in Theorem 1.1.
2. The general solutions defined by the conditions of Theorem 1.1 (and
related results) can be extended to include contributions of an arbi-
trary number of commutative and noncommutative parameteres. This
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is possible following the constructions with Killing symmetries, in our
case for metrics (14) provided in Ref. [1], which can be similarly re-
considered with higher order shells.
5 Summary and Discussion
This work was primarily motivated by the question if the Einstein equa-
tions can be integrated in very general forms, for generic off–diagonal metrics
depending on all possible variables, in arbitrary dimensions. To the best of
our knowledge, such a problem has not yet been addressed in mathematical
and physical literature being known the high complexity of related systems
of nonlinear partial differential equations. This is in spite of the fact that
there were elaborated a number of analytic and numerical methods of con-
structing exact and approximate solutions and that various types of such
solutions seem to be of crucial physical importance in modern astrophysics
and cosmology. Here we note that the bulk of former derived solutions
are for diagonalizabe metrics (by coordinate transforms), depending on one
and/or two (in some exceptional cases, on three) variables, with compacti-
fied dimensions, imposed symmetries, boundary conditions etc.
In a series of works, see reviews of results in Refs. [1, 2, 3], one of the
main our goals was to formulate a geometric method which would allow
us to construct exact solutions of gravitational field equations. We applied
the formalism of nonholonomic distributions with generating and integra-
tion functions, when some of them are subjected to additional conditions/
constraints (written as certain types of first order partial equations, alge-
braic relations, symmetry conditions etc). That allowed us to elaborate a
general scheme for deriving exact solutions with one Killing vector symme-
try and various types of parametric dependencies. Finally, the so–called
anholonomic deformation method was developed for general ”non–Killing”
solutions in paper [5].
Following the anholonomic deformation method, we define some ’more
convenient” holonomic and nonholonomic variables (frames coefficients and
coordinates), which for certain types well defined conditions transform the
Einstein equations into exactly integrable systems of equations. The key
idea is to use additionally some auxiliary linear connections correspondingly
adapted to nonholonmic distributions. Surprisingly, in our approach, it was
possible to reformulate (and, in general, to modify) the Einstein equations in
such forms, when general integral varieties can be constructed. Subjecting
the coefficients of such way defined solutions to additional constraints, we
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can determine some integral subvarieties for standard gravity theories and
generalizations. Here we note that our auxiliary connection (the so–called,
canonical distinguished connection, in brief, d–connection) is also metric
compatible and uniquely defined by the metric coefficients. It contains a
nonholonomically induced torsion but such a geometric object is completely
different from that, for instance, in Einstein–Cartan/ gauge / string theory.
In our approach, we do not need any additional field equations because we
work with torsion coefficients induced by certain off–diagonal coefficients of
metric. All geometric constructions can be equivalently performed using the
Levi–Civita connection or, alternatively, the canonical d–connection.
Of course, our findings should be considered only in a line of qualitative
understanding of the concept of general exact solutions in Einstein and high
dimensional gravity. For such generic nonlinear systems, it is not possible
to formulate any general uniqueness and completeness criteria for solution
if we do not introduce any additional suppositions on classes of generat-
ing functions, symmetries, horizons, singularities, asymptotic conditions etc.
Only in some more special/ restricted cases, we can provide certain phys-
ical meaning for such general classes of solutions; to put, for instance, the
Cauchy problem, construct some evolution models, determine symmetries of
interactions etc. Our constructions are general ones because ”almost” any
solution in gravity theories can be parametrization in such a form at least
locally even very different classes of metrics and connections can be stated
globally for different topologies, boundary conditions, with various types of
horizons and singularities etc. It is not our aim to perform such studies in
this article.
Finally, we emphasize that the bulk of exact solutions in gravity theo-
ries (in Einstein gravity and various supersymmetric/noncommutative sting,
brane, gauge, Kaluza–Klein, Lagrange–Finsler, generalizations etc) can be
represented in a form similar to (5). In this paper, we do not analyze possible
explicit symmetries and physical properties of such solutions. We consider
such problems in our recent papers [20, 21, 22, 23, 24, 38, 41, 42, 43] and
plan to provide further developments and applications in our future works.
Acknowledgement: Author is grateful to M. Anastasiei for discus-
sions and support.
A Coefficients of N–adapted Curvature
In this section, we outline some formulas which play an important role
in finding systems of partial differential equations which are equivalent to
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the Einstein equations with nonholonomic variables of arbitrary dimensions,
see details in Refs. [1, 2, 3, 4]. The formulas for coefficients of curvature
R̂ of the canonical d–connection D̂ are written with respect to N–adapted
frames (10) and (11).
Theorem A.1 The curvature R̂ (23) of the canonical d–connection D̂
computed with respect to N–adapted frames (10) and (11) is characterized
by coefficients
R̂ihjk = ekL̂
i
hj − ejL̂
i
hk + L̂
m
hjL̂
i
mk − L̂
m
hkL̂
i
mj − Ĉ
i
haΩ
a
kj,
R̂abjk = ekL̂
a
bj − ejL̂
a
bk + L̂
c
bjL̂
a
ck − L̂
c
bkL̂
a
cj − Ĉ
a
bcΩ
c
kj,
R̂i jka = eaL̂
i
jk − D̂kĈ
i
ja + Ĉ
i
jbT̂
b
ka, (A.1)
R̂cbka = eaL̂
c
bk −DkĈ
c
ba + Ĉ
c
bdT̂
c
ka,
R̂ijbc = ecĈ
i
jb − ebĈ
i
jc + Ĉ
h
jbĈ
i
hc − Ĉ
h
jcĈ
i
hb,
R̂abcd = edĈ
a
bc − ecĈ
a
bd + Ĉ
e
bcĈ
a
ed − Ĉ
e
bdĈ
a
ec;
R̂ατβγ = eγL̂
α
τβ − eβL̂
α
τγ + L̂
µ
τβL̂
α
µγ − L̂
µ
τγL̂
α
µβ − Ĉ
α
τ 1aΩ
1a
γβ ,
R̂
1a
1bβγ = eγL̂
1a
1bβ − eβL̂
1a
1bγ + L̂
1c
1bβL̂
1a
1cγ − L̂
1c
1bγL̂
1a
1cβ − Ĉ
1a
1b 1cΩ
1c
γβ,
R̂αβγ 1a = e1aL̂
α
βγ − D̂γĈ
α
β 1a + Ĉ
α
β 1bT̂
1b
γ 1a,
R̂
1c
1bγ 1a = e 1aL̂
1c
1bγ − D̂γĈ
1c
1b 1a + Ĉ
1c
1 b 1dT̂
1c
γ 1a,
R̂αβ 1b 1c = e 1cĈ
α
β 1b − e 1bĈ
α
β 1c + Ĉ
µ
β 1b
Ĉαµ 1c − Ĉ
µ
β 1c
Ĉαµ 1b,
R̂
1a
1b 1c 1d = e 1dĈ
1a
1b 1c − e 1cĈ
1a
1b 1d
+Ĉ
1e
1b 1cĈ
1a
1e 1d − Ĉ
1e
1b 1dĈ
1a
1e 1c;
R̂
1α
1τ 1β 1γ = e 1γL̂
1α
1τ 1β − e 1βL̂
1α
1τ 1γ + L̂
1µ
1τ 1β
L̂
1α
1µ 1γ
−L̂
1µ
1τ 1γ
L̂
1α
1µ 1β − Ĉ
1α
1τ 2aΩ
2a
1γ 1β,
R̂
2a
2b 1β 1γ = e 1γL̂
2a
2b 1β − e 1βL̂
2a
2b 1γ
+L̂
2c
2b 1βL̂
2a
2c 1γ − L̂
2c
2b 1γL̂
2a
2c 1β − Ĉ
2a
2b 2cΩ
2c
1γ 1β,
R̂
1α
1β 1γ 2a = e2aL̂
1α
1β 1γ − D̂ 1γĈ
1α
1β 2a + Ĉ
1α
1β 2bT̂
2b
1γ 2a,
R̂
2c
2b 1γ 2a = e 2aL̂
2c
2b 1γ − D̂ 1γĈ
2c
2b 2a + Ĉ
2c
2 b 2dT̂
2c
1γ 2a,
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R̂
1α
1β 2b 2c = e 2cĈ
α
1β 2b − e 2bĈ
1α
1β 2c
+Ĉ
1µ
1β 2b
Ĉ
1α
1µ 2c − Ĉ
1µ
1β 2c
Ĉ
1α
1µ 2b,
R̂
2a
2b 2c 2d = e 2dĈ
2a
2b 2c − e 2cĈ
2a
2b 2d
+Ĉ
2e
2b 2cĈ
2a
2e 2d − Ĉ
2e
2b 2dĈ
2a
2e 2c;
..........
R̂
k−1α
k−1τ k−1β k−1γ = e k−1γL̂
k−1α
k−1τ k−1β − e k−1βL̂
k−1α
k−1τ k−1γ +
L̂
k−1µ
k−1τ k−1β
L̂
k−1α
k−1µ k−1γ − L̂
k−1µ
k−1τ k−1γ
L̂
k−1α
k−1µ k−1β
−Ĉ
k−1α
k−1τ kaΩ
ka
k−1γ k−1β,
R̂
ka
kb k−1β k−1γ = e k−1γL̂
k−ka
k−1b k−1β − e k−1βL̂
ka
kb k−1γ
+L̂
kc
kb k−1βL̂
ka
kc k−1γ − L̂
kc
kb k−1γL̂
ka
kc k−1β
−Ĉ
ka
kb kcΩ
kc
k−1γ k−1β,
R̂
k−1α
k−1β k−1γ ka = ekaL̂
k−1α
k−1β k−1γ − D̂ k−1γĈ
k−1α
k−1β ka
+Ĉ
k−1α
k−1β kbT̂
kb
k−1γ ka,
R̂
kc
kb k−1γ ka = e kaL̂
kc
kb k−1γ − D̂ k−1γĈ
kc
kb ka + Ĉ
kc
k b kdT̂
kc
k−1γ ka,
R̂
k−1α
k−1β kb kc = e kcĈ
α
k−1β kb − e kbĈ
k−1α
k−1β kc
+Ĉ
k−1µ
k−1β kb
Ĉ
k−1α
k−1µ kc − Ĉ
k−1µ
k−1β kc
Ĉ
k−1α
k−1µ kb,
R̂
ka
kb kc kd = e kdĈ
ka
kb kc − e kcĈ
ka
kb kd
+Ĉ
ke
kb kcĈ
ka
ke kd − Ĉ
ke
kb kdĈ
ka
ke kc.
Proof. It follows from ”shell by shell computations” as in Refs. [1, 2,
3, 4, 30, 31, 32, 6, 7, 8, 9, 34, 35, 36]. 
B Proof of Theorem 3.1
Such a proof can be obtained by straightforward computations as in
Parts I and II of monograph [3], containing all developments from Refs.
[30, 31, 32], see also summaries and some important details and discussions
in Refs. [1, 2]. In this section, we generalize some formulas by considering
”shell” labels for indices, when k = 0, 1, 2, ... using data (15) for a metric
kg = {g kβ kγ} (14).
We can perform a N–adapted differential calculus on a N–anholonomic
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manifold if instead of partial derivatives ∂ kα = ∂/∂u
kα there are considered
operators (10) parametrized in the form e k−1α = ∂ k−1α − N
ka
k−1α
∂ ka =
∂ k−1α − w k−1α∂ kv − n k−1α∂ ky, for y
4+2k = kv and y5+2k = ky. For
instance, for data (15), the coefficients of N–connection curvature (13) are
Ω 4+2kk−1α k−1β = ∂ k−1αw k−1β − ∂ k−1βw k−1α
−w k−1α∂ kvw k−1β + w k−1β∂ kvw k−1α; (B.1)
Ω 5+2kk−1α k−1β = ∂ k−1αn k−1β − ∂ k−1βn k−1α
−w k−1α∂ kvn k−1β + w k−1β∂ kvn k−1α.
In a similar form we compute all coefficients of the canonical d–connection
(17) and its Ricci and Einstein tensors.
Coefficients of the canonical d–connection
For data (15), we get such nontrivial coefficients of Γ̂
kγ
kα kβ
:
L̂222 =
∂2g2
2g2
, L̂223 =
∂3g2
2g2
, L̂233 = −
∂2g3
2g2
, L̂322 = −
∂3g2
2g3
, (B.2)
L̂323 =
∂2g3
2g3
, L̂333 =
∂3g3
2g3
, L̂44i =
1
2h4
(∂ih4 − wi∂vh4) ; L̂
5
4j =
1
2
∂vnj,
L̂55j =
1
2h5
(∂jh5 −wj∂vh5) ; Ĉ
4
44 =
∂vh4
2h4
, Ĉ455 = −
∂vh5
2h4
, Ĉ545 =
∂vh5
2h5
;
....
L̂4+2k
4+2k k−1α
=
1
2h4+2k
(∂ k−1αh4+2k − w k−1α∂ kvh4+2k) , L̂
5+2k
4+2k k−1α
=
1
2
∂ kvn k−1α, L̂
5+2k
5+2k k−1α
=
1
2h5+2k
(∂ k−1αh5+2k − w k−1α∂ kvh5+2k) ;
Ĉ4+2k4+2k 4+2k =
∂ kvh4+2k
2h4+2k
, Ĉ4+2k5+2k 5+2k = −
∂ kvh5+2k
2h4+2k
,
Ĉ5+2k4+2k 5+2k =
∂ kvh5+2k
2h5+2k
.
We note that
Ĉijc =
1
2
gik
∂gjk
∂yc
= 0, ..., Ĉ
k−1α
k−1β kc =
1
2
g
k−1α k−1τ ∂gk−1β k−1τ
∂y kc
= 0, (B.3)
which is an important condition for generating exact solutions of the Einstein
equations for the Levi–Civita connection, see formulas (30).
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Calculation of torsion coefficients
The nontrivial coefficients of torsions (20) for data (15) are given by
formulas (B.1) and, respectively, (B.2) resulting in
T̂ 4+2kk−1α k−1β = ∂ k−1βw k−1α − ∂ k−1αw k−1β (B.4)
−w k−1β∂ kvw k−1α + w k−1α∂ kvw k−1β;
T̂ 5+2kk−1α k−1β = ∂ k−1βn k−1α − ∂ k−1αn k−1β
w k−1β∂ kvn k−1α − w k−1α∂ kvn k−1β,
T̂ 4+2k
4+2k k−1α
= ∂ kvw k−1α −
1
2h4+2k
(∂ k−1αh4+2k − w k−1α∂ kvh4+2k) ,
T̂ 4+2k
5+2k k−1α
=
h5+2k
2h4+2k
∂ kvn k−1α, T̂
5+2k
4+2k k−1α
=
1
2
∂ kvn k−1α,
T̂ 5+2k
5+2k k−1α
= −
1
2h5+2k
(∂ k−1αh5+2k −w k−1α∂ kvh5+2k) .
Calculation of the Ricci tensor
For instance, let us compute the values R̂ij = R̂
k
ijk from (26),
R̂ihjk = ekL̂
i
.hj − ejL̂
i
.hk + L̂
m
.hjL̂
i
mk − L̂
m
.hkL̂
i
mj − Ĉ
i
.haΩ
a
.jk,
using (A.1) and Ĉi.ha = 0 (B.3). We have ekL̂
i
.hj = ∂kL̂
i
.hj + N
a
k ∂aL̂
i
.hj =
∂kL̂
i
.hj+wk
(
L̂i.hj
)∗
= ∂kL̂
i
.hj because L̂
i
.hj do not depend on variable y
4 = v.
We use, in brief, denotations of type ∂2g = g
•, ∂3g = g
′
, ∂4g = g
∗.
Deriving (B.2), we obtain
∂2L̂
2
22 =
g••2
2g2
−
(g•2)
2
2 (g2)
2 , ∂2L̂
2
23 =
g•
′
2
2g2
−
g•2g
′
2
2 (g2)
2 ,
∂2L̂
2
33 = −
g••3
2g2
+
g•2g
•
3
2 (g2)
2 , ∂2L̂
3
22 = −
g•
′
2
2g3
+
g•2g
′
3
2 (g3)
2 ,
∂2L̂
3
23 =
g••3
2g3
−
(g•3)
2
2 (g3)
2 , ∂2L̂
3
33 =
g•
′
3
2g3
−
g•3g
′
3
2 (g3)
2 ,
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∂3L̂
2
22 =
g•
′
2
2g2
−
g•2g
′
2
2 (g2)
2 , ∂3L̂
2
23 =
gll2
2g2
−
(
gl2
)2
2 (g2)
2 ,
∂3L̂
2
33 = −
g•
′
3
2g2
+
g•3g
′
2
2 (g2)
2 , ∂3L̂
3
22 = −
g
′′
2
2g3
+
g•2g
′
2
2 (g3)
2 ,
∂3L̂
3
23 =
g•
′
3
2g3
−
g•3g
′
3
2 (g3)
2 , ∂3L̂
3
33 =
gll3
2g3
−
(
gl3
)2
2 (g3)
2 .
For these values, there are only 2 nontrivial components,
R̂2323 =
g••3
2g2
−
g•2g
•
3
4 (g2)
2 −
(g•3)
2
4g2g3
+
gll2
2g2
−
gl2g
l
3
4g2g3
−
(
gl2
)2
4 (g2)
2
R̂3223 = −
g••3
2g3
+
g•2g
•
3
4g2g3
+
(g•3)
2
4(g3)2
−
gll2
2g3
+
gl2g
l
3
4(g3)2
+
(
gl2
)2
4g2g3
with R̂22 = −R̂
3
223 and R̂33 = R̂
2
323, or
R̂22 = R̂
3
3 = −
1
2g2g3
[
g••3 −
g•2g
•
3
2g2
−
(g•3)
2
2g3
+ g′′2 −
gl2g
l
3
2g3
−
(
gl2
)2
2g2
]
as in (32).
Now, we consider
R̂cbka =
∂L̂c.bk
∂ya
−
(
∂Ĉc.ba
∂xk
+ L̂c.dkĈ
d
.ba − L̂
d
.bkĈ
c
.da − L̂
d
.akĈ
c
.bd
)
+ Ĉc.bdT̂
d
.ka
=
∂L̂c.bk
∂ya
− Ĉc.ba|k + Ĉ
c
.bdT̂
d
.ka
from (A.1). Contracting indices, we get R̂bk = R̂
a
bka =
∂La
.bk
∂ya − Ĉ
a
.ba|k +
Ĉa.bdT̂
d
.ka. Let us denote Ĉb = Ĉ
c
.ba and writeĈ.b|k = ekĈb − L̂
d
bkĈd = ∂kĈb −
N ek∂eĈb − L̂
d
bkĈd = ∂kĈb − wkĈ
∗
b − L̂
d
bkĈd. We express R̂bk = [1]Rbk +
[2]Rbk + [3]Rbk, where
[1]Rbk =
(
L̂4bk
)∗
, [2]Rbk = −∂kĈb + wkĈ
∗
b + L̂
d
bkĈd,
[3]Rbk = Ĉ
a
.bdT̂
d
.ka = Ĉ
4
.b4T̂
4
.k4 + Ĉ
4
.b5T̂
5
.k4 + Ĉ
5
.b4T̂
4
.k5 + Ĉ
5
.b5T̂
5
.k5
for Ĉ4 = Ĉ
4
44 + Ĉ
5
45 =
h∗4
2h4
+
h∗5
2h5
, Ĉ5 = Ĉ
4
54 + Ĉ
5
55 = 0.
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We compute R̂4k = [1]R4k + [2]R4k + [3]R4k with
[1]R4k =
(
L̂44k
)∗
, [2]R4k = −∂kĈ4 + wkĈ
∗
4 + L̂
4
4kĈ4,
[3]R4k = Ĉ
4
.44T̂
4
.k4 + Ĉ
4
.45T̂
5
.k4 + Ĉ
5
.44T̂
4
.k5 + Ĉ
5
.45T̂
5
.k5.
Summarizing, we get
2h5R̂4k = wk
[
h∗∗5 −
(h∗5)
2
2h5
−
h∗4h
∗
5
2h4
]
+
h∗5
2
(
∂kh4
h4
+
∂kh5
h5
)
− ∂kh
∗
5
which is equivalent to (34).
In a similar way, we compute R̂5k = [1]R5k + [2]R5k + [3]R5k, where
[1]R5k =
(
L̂45k
)∗
, [2]R5k = −∂kĈ5 + wkĈ
∗
5 + L̂
4
5kĈ4,
[3]R5k = Ĉ
4
.54T̂
4
.k4 + Ĉ
4
.55T̂
5
.k4 + Ĉ
5
.54T̂
4
.k5 + Ĉ
5
.55T̂
5
.k5.
We have R̂5k =
(
L̂45k
)∗
+ L̂45kĈ4 + Ĉ
4
.55T̂
5
.k4 + Ĉ
5
.54T̂
4
.k5 =
(
−h5h4n
∗
k
)∗
−
h5
h4
n∗k
(
h∗4
2h4
+
h∗5
2h5
)
+
h∗5
2h5
h5
2h4
n∗k −
h∗5
2h4
1
2n
∗
k, which can be written
2h4R̂5k = h5n
∗∗
k +
(
h5
h4
h∗4 −
3
2
h∗5
)
n∗k,
i. e. we prove (35).
For R̂ijka =
∂L̂i
.jk
∂yk
−
(
∂Ĉi.ja
∂xk
+ L̂i.lkĈ
l
.ja − L̂
l
.jkĈ
i
.la − L̂
c
.akĈ
i
.jc
)
+ Ĉi.jbT̂
b
.ka
from (A.1), we obtain zeros because Ĉi.jb = 0 and L̂
i
.jk do not depend on y
k.
So, R̂ja = R̂
i
jia = 0.
Taking R̂abcd =
∂Ĉa
.bc
∂yd
−
∂Ĉa
.bd
∂yc + Ĉ
e
.bcĈ
a
.ed − Ĉ
e
.bdĈ
a
.ec from (A.1) and con-
tracting the indices in order to obtain the Ricci coefficients,R̂bc =
∂Ĉd
.bc
∂yd
−
∂Ĉd
.bd
∂yc + Ĉ
e
.bcĈ
d
.ed − Ĉ
e
.bdĈ
d
.ec, we compute
R̂bc =
(
Ĉ4.bc
)∗
− ∂cĈb + Ĉ
4
.bcĈ4 − Ĉ
4
.b4Ĉ
4
.4c − Ĉ
4
.b5Ĉ
5
.4c − Ĉ
5
.b4Ĉ
4
.5c − Ĉ
5
.b5Ĉ
5
.5c.
There are nontrivial values, R̂44 =
(
Ĉ4.44
)∗
− Ĉ∗4 + Ĉ
4
44(Ĉ4 − Ĉ
4
44)−
(
Ĉ5.45
)2
and R̂55 =
(
Ĉ4.55
)∗
− Ĉ4.55
(
−Ĉ4 + 2Ĉ
5
.45
)
resulting in
R̂44 = R̂
5
5 =
1
2h4h5
[
−h∗∗5 +
(h∗5)
2
2h5
+
h∗4h
∗
5
2h4
]
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which is just (33).
Computations for higher shells, with k = 1, 2, ... are similar.
Theorem 3.1 is proven.
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